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Exercice 1. (Quaternions) The division ring H (or by abuse of language, the non-commutative
field) of quaternions is generated over the reals by three elements i, j, k with the relations

i2:j2:k2:—1,
j=—ji=k, jk=-kj=i, ki=—ik=].

Quaternionic multiplication is performed in the usual manner (like polynomial multiplication) taking
the above relations into account. If a € H, we write

a = (as,a,) = a, + ali+aj+ a’k

! a% a3 € R. Quaternions having zero

for the scalar and vectorial part of the quaternion, where as, a,, a;,

scalar part are also called pure quaternions.

(a) Show that with the above notation, quaternionic multiplication has the expression
ab = (asbs — a, - by, asb, + bsa, + a, x by,).

In addition, every quaternion a = (as, a,) has a conjugate a = (a5, —a, ), that is, the real numbers
are fixed by the conjugation and i = —i, j = —j, k = —k.

(b) Show that ab = ba and that every quaternion a # 0 has an inverse given by o' = a/|a|?,
where

(c) Show that the unit quaternions S® := {a € H||a| = 1} form a Lie group that is isomorphic
to SU(2).

(d) Show that the Lie Algebra of S? is isomorphic to the pure quaternions R? and obtain explicit
formulas for the adjoint action and the Lie bracket.

(e) Give an explicit expression for a 2 : 1 Lie group homomorphism S® — SO(3).
(Hint: Use the Lie group homomorphism 7 : SU(2) — SO(3) and the Lie group isomorphism
between S? and SU(2) found in part (c)).

Corrigé exercice 1.
(a) and (b) Follow by a simple direct calculation.
(c) Define the map,

. . as —1a
a:a8+ai1+azj+af’)k653»—>(a§ ia

S =S W

as + ial

2 a1
o i)
It is clear that it is a diffeomorphism. Moreover, a direct calculation shows that it is a group
homomorphism and therefore a Lie group isomorphism.
(d) Since the Lie algebra of S? is the tangent space at 1, it follows that it is isomorphic to the

pure quaternions R3. We begin by determining the adjoint action of S® on its Lie algebra.
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If a € S% and b, is a pure quaternion, the derivative of conjugation is given by

a 1
Ad, b, = ab,a™! = ab ¢ _ —(—a, - b,, a;b, +a, x b,)(as, —a,)

“la  Jaf?

= W(O’ 2a4(a, x b,) +2(a, - by)a, + (a? — ||a,|[*)b,).

Therefore, if a(t) = (as(t),a,(t)) € S* is a smooth curve such that a(0) = (as(0),a,(0)) =

t
(1,0) and a/(0) = (a(0),a}(0)) = (0,a,), the Lie bracket [a,,b,] of the pure quaternions
a,, b, € R? is given by
d

vabv:_
[av, bo] = —

d
— T (O, 2a5(t)(a,(t) x by) + 2(a,(t) - by)a,(t) + (as(t)2 — Hav(t)HQ) bv)
dt |,y la(t)|
= (0,2(a, x b))
Thus, the Lie Algebra of S® is R? relative to the Lie bracket given by twice the cross product

of vectors.
(e) Asin part (c) we associate the matrix

.3 2 .1
U=<“§ Yy m”)eSU(Q).

as +ia’

Ada(t) bv

t=0

1

to the unit quaternion a = as +ali+a?j+a’k € S3. The rotation matrix A = 7(U) € SO(3)
is defined by the condition

(Ax) -0 = (r(U)x) -0 =U(x-o)U!
as —ia> —a? —ial 3 x! — iz?
a? —ial as+ia zt + iz’ 3
as +iad  a? +ial
—a? +ial a,—iad
= [(a3 + (ay)* = (a,)" = (@)*)x" + 2(ayay — a:0,)2" + 2asay + a,a;)2"]oy
+ [2(ayay — asa)a’ + (a3 — (a,)* + (a3)” — (a3)")2” + 2(aga; — asa,)2’|os
+ [2(ayay — asap)z’ + +2(afa, + ajag)a® + (af — (a,)” = (a7)* + (a3)*)2%]os.
Thus, taking into account that a? + (a!)? + (a?)? + (a®)? = 1, we find that the expression for
the matrix A is
202 +2(ap)* — 1 2(—asad +ala?)  2(asa + alad)
2(asa® +ala?  2a® +2(a?)? -1 2(—asal + a’ad)
2(—asa +alad) 2(asal +a2ad)  2a2+2(ad)? -1

= (2a> — 1)I + 2a,a, + 2a, ® a,,

where a, ® a, is the symmetric matrix whose (i, j) entry equals a’a/. The map
a € S (2a2 — 1)1 + 2a,4, + 2a, ® a, € SO(3)

is called the Fuler-Rodrigues parametrization.
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Exercice 2. Show that the 2 to 1 Lie group homomorphism 7 : SU(2) — SO(3) has the following
explicit expression

o —j Re(a? — 3?) Im(a? — 3?) 2Re(ap)
T ( {5 a } > = |—Im(a® + (%) Re(a®+ 3) 2Im(aB) |,
—2Re(af) —2Im(afB) |a* — |6/

where «, 3 € C satisfy |af> + [3]> = 1.

Corrigé exercice 2. Motivated by the map of S? to SU(2), write an element of SU(2) as follows
P 1 I e TR i
Boa y -yt oyt + iy’
with |a|? + |87 = (4°)* + (¥)* + (¥*)* + (¥*)? = 1. The adjoint of A is given by
For any x = (2!, 22, 2%) € R® we have

x-0 =x'o + 220y + 2304

L S
. [ 3 b — ixT
|2t it -2 |
A straightforward (but lengthy) direct computation gives the following entries for A(x - o) AT:
(A(x- U)AT)M = — (Ax- U)AT)ZQ
= 20! (=% + ') + 202 (5% + y%P)
+a? ((°) + (7)) = (') = (v*)?)
(Alx- @) A1), = (Ax - o) AT,
=" (") = () + () = (v°)°) +22° (y'y* = 4"°)
+22° (%% + ')
—i[22" (y'y? + %) + 2 () = (7)) = (0')° + (¥°)?)
+22% (12" — ")

and hence
Ax- o)Al =

[ (") = (&) + (') = (v°)°) +22° (y'* — ")
19,8 (y0y2 X yly?’)

+ [21,1 <y1y2 + yOyS) _{_332
19,3 (y2y3 _ yoyl)

+ |:2.f171 (_yOyQ +y1y3) =+ 23:2 <y0yl +y2y3)
+2° (1) + (°) = (')* = (¥°)%)] o5

o
() =)= W)+ 1))
| o2



From the formula (7(A)x) - o = A(x- o)A in the text, we conclude that

(A
(*) + (y )2—( ))+2x (y'y? = %) + 22° (4> + y'y?)
yy +yy3) ((y) —( ) — (y')* + 2)2)+2$ (v*y® — yy")
Yy +y y3)+2x W' +y%y%) + 2% ((1°)° + (¥°)° — (v')* — (¥*)%)
ZL’
= B |22
.T3
where B is the matrix
1) — () + (') — (¥*)? 2 (y'y? — y°y°) 2 (y0y* + y1y3§
2 (y'y? + %) (y°)% — (yg’)2 (yl)2 + (y°)? 2 (y%y® — %"
2 (' +y'y?) 2 (v + y*y®) 1) + () — (W')* = (¥*)?

As indicated at the beginning of this solution, we have o := 3" — iy and 3 := y? — iy'. Note that

oW VA N
(y")" = (v°)° = 2i"y", B =) = (') = 2iy'y
af =y —y'y® +i(—y*y® —y%yY), Al =y + vy + ity — o0y

and therefore

Re(o? — %) = (¥°)* = (¥°)* + (') — (v*)*,
Im(a® — %) = y'y* — "y’
—Im(e® + 3%) = y'v* + ",
Re(o? + 6%) = (°)? = (°)? — (¥')* + (v*)°
—2Re(af) = 2(=y"y* +y'y’)
—2Im(af) = 2(y°y" +4°y")
2Re(af) = 2(y"y* +y'y),
2Im(ap) = 2(y°y* — y°y")
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which proves the formula.
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Exercice 3. This exercise concerns Fuler angles, that are important in the context of rigid body
mechanics.
(a) Show that the map
(0, 0,v) €10, x [0, 27 x [-2m, 27 —

U= Hg _O_ﬂ c SU(2)‘aﬁ7é0}

given by a = cos ge £ , 8 =sin ge £ s a bijection. Thus, every element of SU(2) with

af # 0 can be uniquely written as

cos 2ei®FY jgin e
A((pa 97 w> = 29 L p= 92 _Z-w-HD
isinge’" 2 cosfe 2

for (p,0,1) € [0, 27 x |0, 7| x [—2m, 27].
(b) Use the preceding exercise to show that the 2 to 1 Lie group homomorphism 7 : SU(2) —
SO(3) restricted to this open subset U C SU(2) is given by
_je=¥
cosge’z  isinge "2
isin 263" cos et 5 ])

71- (
cos 1) cos p — cos 6 sin @ sin ¢ cossin + cosfcospsiny  sinfsin
= | —sint cos p — cosfsinpcosy —sinysinp + cosf coscosy sin b cosy
sin 6 sin ¢ —sinf cos ¢ cosf

g ety . .0 i

The angles (¢, 6,1) appearing in these representations of elements of SU(2) and SO(3) are
called Fuler angles. It is possible to give a geometrical interpretation of the Euler angles
for elements of SO(3) in terms of three successive rotations. For elements of SO(3) we have

(0, ¢, ) €]0,7[ x [0, 27 x [0, 27].

Corrigé exercice 3. Since SU(2) is diffeomorphic to

S*={(e,8) € C* | |af* + |B[* = 1}
we will show that the map given in the statement is a bijection onto V := {(«a, 3) € S* | a8 # 0}.
The condition |a|* + |3]*> = 1 implies that |«| is arbitrary in the interval [0,1]. Thus it can be

uniquely written as Cosg for 0 < 6 < 7. Then || = sin g. Since aff # 0, we must have 6 # 0, 7 and
hence 0 < # < 7. Therefore a = cos e and 3 = sin 2P, where A, B € R. Now write

2 2
APV B:W,

which is equivalent to

¢:A+B—g and w:A—B+g.

Thus it remains to show that the map

(p,9) € [0, 27 x [—27, 27— <ei¢;w,e i w) €St xSt

is bijective. Take A, B € [0,27[ to describe uniquely (e*4, e'®). Then 0 < A+ B — , which is

an interval of length larger than 27, so if we take ¢ to be A+ B — 5 modulo 27r, We get an angle

in the interval [0,27[. Now take A € [0,27[ and B €]0,27] to uniquely describe (e, ¢®). Then
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—37” <A-B+3< 57”, which is an interval of length 4, so we can take 1) to be A — B + § modulo
47 to get an angle in the interval [—2m, 27[. This shows that the map is surjective.
To show injectivity, let

/ / / /
jety et jote—v jote —v

e =e' 2 and e 2z =e" 2 |

which is equivalent to

/ / / /
vt Y g PV ¢
2 2 2 2
for some k,l € Z. Therefore ¢ + 1) — ¢’ — ' = 4kmw and p — ¢ — ¢’ + ¢’ = 4lr which implies
o —¢' =2(k+1)mand ¢ — ' = 2(k — [)7. But since both ¢, ¢’ € [0,27[ and ¢ = ¢' + 2(k + ), it
follows that & = —I and hence ¢ = ¢’. But then ¥ = ¢/’ + 4k7 and since both v, ¢’ € [—27, 27| it
follows that & = 0 and hence 1) = v)'. Thus the map is also injective.
g ety

%)
ze' 2 and 3 = isin

= 2Im,

9
2

(b) In the notations of the preceding Exercise, we have oz = cos 0613 Hence

|a|2 = cos? & |8|* = sin® £
o? = cos® ¢ 7’(“’”’) B = —sin® Leilev)
af =1 sm coS ee“" aff = isin g cos ge_’“”
and hence
Re(a? — %) = cos v cos ¢ — cos 6 sin @ sin 1),
Im(a® — 3%) = cos 1 sin ¢ + cos 6 cos p sin ¢
—Im(a? + $%) = —sine) cos ¢ — cos ' sin  cos ¥,
Re(a? + 3*) = —sin v sin ¢ + cos @ cos ¢ cos 1)
—2Re(af) = sinfsin g,
—2Im(af) = —sinf cos ¢
2Re(af) = sinfsin,
2Im(af) = sinf cos ¢
|a* — [B]* = cos @

which proves the formula for the homomrphism 7.



