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Exercice 1. Show that the bracket of two locally Hamiltonian vector fields on a symplectic manifold
(P, Q) is globally Hamiltonian.

Corrigé exercice 1. Let XY be locally Hamiltonian, that is, dix{2 = 0,diy{2 = 0. We will show
that

(X,Y] = X_auxy).

We have

ixyQ = (£xiy — iy £x)0
— dixiyQ + ixdiyQ — iy dixQ — iyixd
— d(-Q(X,Y)).

We conclude that [X, Y] is globally Hamiltonian with the Hamiltonian function H = —Q(X,Y), as
required.

Exercice 2.Let X be a constant nonzero vector field on the two-torus. Show that X is locally
Hamiltonian but is not globally Hamiltonian.

Corrigé exercice 2. Let (61, 65) be the standard 27-periodic coordinate functions on T?; recall that
in these coordinates, the symplectic form is (2 = df; A dbs.

There are constants a and b such that X = ad/96,+b0/00,. We see that X is locally Hamiltonian
since dixQ2 = d(adfy — bd#;) = 0.

However, X is not globally Hamiltonian. To see this, assume that there exists a function
f: T? — R such that df = ixQ. It follows that df = ixQ = adf, — bd#; is a constant one-form on
T2. Since T? is compact and any continuous function on a compact set achieves its maximum and
minimum, there is be a point at which df = 0. Hence, as df is constant, this constant must be zero
and thus X is zero, a contradiction.

Exercice 3. Give an example of a symplectic manifold (P,€2), where ) is exact, but P is not a
cotangent bundle.

Corrigé exercice 3. Choose, for example, (P, Q) = (B? dx A dy), where B?> C R? is the open unit
disk. Since dz A dy = d(zdy) holds globally on the disk, the symplectic form is exact. But any
cotangent bundle clearly has infinite volume, and yet (B? dx A dy) has a finite volume, namely 7.
Thus, no symplectic diffeomorphism between (B2, dx A dy) and a cotangent bundle can exist.

Exercice 4. Let (2 be a nondegenerate two-form on a manifold P. Form Hamiltonian vector fields
and the Poisson bracket using the same definitions as in the symplectic case. Show that Jacobi’s
identity holds if and only if the two-form (2 is closed.
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Corrigé exercice 4. We know that Jacobi’s identity holds if €2 is closed, so we establish the con-
verse. Let X, X5, X3 be Hamiltonian vector fields with Hamiltonian functions fi, fo, f3. Using the
properties of the exterior derivative, and the definition of the Poisson bracket, we get

dQ(Xl,XQ,Xg) = Xl[Q(X27X3)] — XQ[Q(Xl,Xg)] + X3[Q<X1,X2)]
— Q[X1, Xo], X3) + Q([ X1, X3], X2) — Q([ X2, X5], X1)

= {{/fo, fa}. i} +{fo, {f1. fo}} + {{f1s fo}, fa}
+ QX135 X3) + UX gy, 1y, Xo2) + QU X3, X1)

= {{f27 f3}7f1} + {{f37 fl}?fQ} + {{f17f2}7 f3}
+{{f1, fo}. 3} + {{Sf3. [1}. o} + {{ fo. f3}, 1} = 0.

Now, consider any vector fields Y7, Ys, Y3, Since dQ(Y7,Ys,Y3) depends only on the point values of
Y1, Y5, Vs, it follows that for each point z € P,

dQ(Y1,Y2,Y3)(2) = dQ(X1, X, X5)(2)
for some Hamiltonian vector fields X, 7 = 1,2, 3, such that X;(z) = Y;(z). Thus, for all z € P,
dQ(Y1, Y2, Y3)(2) = 0.
Hence d€) = 0, that is, Q is closed.

Exercice 5. Jacobi—-Haretu Coordinates. Consider the three-particle configuration space @) =
R3 x R3? x R? with elements denoted ry, ry, and r3. Call the conjugate momenta p1, p2, ps and equip
the phase space T*() with the canonical symplectic structure 2. Let

J=pPi+pP2+p3, r=ry—ry,

and

1
S =7Tr3— 5(1‘1 + 1'2).

Show that the form ) pulled back to the level sets of j has the form
Q=dr Ndr+ds A do,

where the variables 7 and ¢ are defined by m = %(pg —p1) and 0 = p3.

Corrigé exercice 5. We shall write symbolically dr; A dp; to mean

3
> dri Adp,  j=1,2,3,
=1

where r; = (7“]1-, 7“]2., 7"?), and p; = (pj1, pj2, pj3)- The expressions for r and s can be solved as functions

of r3 to give
rr = r3—sS——=r

rs = r3s—S-+-—r



and hence
dr; Adp; + dry Adps + drs Adps
1
= dr3 Adp; —ds Adp; —§dr/\dp1—|—dr3/\dpg—ds/\dp2

1
+§dr A dpz + dI‘3 A dp3

1
= drsAd(p1 +p2+p3) —dsAd(p1 +p2) + §dr ANd(p2 — p1)-

This gives the stated expression of the pulled back form to the level sets of j since d(p;+p2+p3) =0
on this level set.

Exercice 6. Let ¢ : R* — R?" be a map of the form ¢(q,p) = (¢,p + a(q)). Use the canonical
one-form p;dq’ to determine when ¢ is symplectic.

Corrigé exercice 6. We use the relation d(¢*© — ©) = 0, where © = p;dg’ to find conditions on
a(q). Letting

oz(ql, gt = ozi(ql, . ,q”)dqi € QI(R”),

we have
¥"0 =" (pidd') = (pi + ila’, ..., ¢"))dd,
SO
00 -0 =a;q',...,q")d¢ = a
and hence

d(¢*'® — 0) = da.
Thus, ¢ is symplectic if and only if daw = 0.

Exercice 7. Show how to construct (explicitly) canonical coordinates for the symplectic form Q = fu
on S?, where y is the standard area element and where f : S? — R is a positive function.

Corrigé exercice 7.Let (q,p) denote the desired canonical coordinates on S?, that is, we write
Q = fu = dg A dp. On the other hand, the standard area form on the sphere S? of radius 1 is
1 =sinfdf N de. Thus we require

dg N\dp = f(0,p)sinfdd A dp.

Let us seek ¢ and p as functions of ¢, 6. Choosing p = ¢, we impose the condition
dq
0 inf = —(6
(0, 0)sind = =50, 0),
from which we conclude that ,
00.9) = [ 1(0.0)sin g4
0

is a solution. In addition, the Jacobian of the map (6,¢) — (¢,p) is f(0,¢)sind > 0 for § €]0, 7|
which holds by definition of the spherical coordinate chart on S?. Thus, the coordinates (g, p) provide
a coordinate chart for S2.

Solution Alternative: We can also find the required coordinates by following the steps of
Moser’s proof of Darboux’ theorem:
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Consider a point in the sphere with coordinates (6, ¢o) €]0, 7[x]0, 27[ and denote fo = (6o, @o).
We define the forms 2y := Q(6y, po) = fosinbydf A dp and

Q=0 — Q= (fosinby — f(6,¢)sinb)df A dep.
By restricting to a neighborhood U; of (6, pg) we can write ' = da where

6
o= (/ (fosinfy — f(5,¢) Sinﬂ)dﬂ) dp.

o
The lower limit of integration is chosen so that a(6y, po) = 0. For ¢ € [0, 1] we define

Q:=Q+tQ = ((1—1)f(0,¢)sinb +tfosinby) db A dep.

This form is non-degenerate (the coefficient in front of df A dy is strictly positive) in a neighborhood
Uy C Uy of (0y,¢0). In this neighborhood we define the time dependent vector field X; by the
equation iy,{2; = —a. A calculation shows that

X,(6.0) — I (B,9)sin B — fosinb)d3\ &
0, 9) = (1—1t)f(0,p)sinf +tfosinby | 90

Notice that X;(6p, v9) = 0; so there exists a neighborhood U C U, around (6, po) where the
integral curves of X, are defined for time at least 1. Let (6, @) € U and let (6(t), p(t)) be the integral
curve of X, satisfying (6(0),(0)) = (6,¢). According to Moser’s proof, the desired coordinate
transformation in U (that makes €2 into a constant) is given by (8, %) — (8(1), (1)) := (g, p).
A direct calculation shows that the above mentioned integral curve (0(t), ¢(t)) satisfies:
o() g
=5 [ (=06 snp+ thsinge) a5 = [ f(5.5)sinpds

90 90
Putting ¢ = 0(1),p = ¢(1) we find:

o
f(B,@)sin B dp.

fosinfy Jy,

D=, q:90+

In these coordinates we have:
Q = fosinfydg N dp.



